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ABSTRACT

The accurate treatment of electron correlation in extended molecular systems remains computationally challenging using
classical electronic structure methods. Hybrid quantum-classical algorithms offer a potential route to overcome these
limitations; however, their practical deployment on existing quantum computers requires strategies that both reduce problem
size and mitigate hardware noise. In this work, we investigate ground-state energy calculations of ligand-like molecules
using Sample-based Quantum Diagonalization (SQD) within the Density Matrix Embedding Theory (DMET) framework,
focusing on low-symmetry systems with diverse bonding motifs that exhibit subsystem-dependent variations in fragment-
environment entanglement. These entanglement-based variations directly influence bath orbital construction, impurity sizes,
and the structure of the embedded Hamiltonians, posing nontrivial challenges for both embedding and quantum sampling. By
combining DMET fragmentation with SQD-based construction of reduced configuration spaces through quantum sampling and
iterative configuration recovery, we perform quantum simulations on IBM’s Eagle R3 (ibm_sherbrooke) and IBM’s Heron
R3 (ibm_boston) superconducting quantum hardware thereby, showing that the entanglement structure across embedding
subsystems plays a central role in determining the efficiency and accuracy of the simulations. Despite these complexities, we
show that the DMET-SQD framework yields ground-state energies in strong agreement with DMET-FCI benchmarks, achieving
chemical accuracy (1 kcal/mol) across all systems studied. These results demonstrate that SQD-based quantum simulations
can be robustly extended to low-symmetry, chemically realistic, industry relevant molecules, and highlight the importance of
entanglement-aware embedding strategies for scalable quantum electronic structure calculations.

Keywords: Quantum Computing - Quantum Simulation - Quantum Chemistry - Sample-based Algorithms - Embedding
Methods - Hybrid Quantum-Classical Algorithms

1 Introduction

In quantum chemistry, the accurate simulation of many-electron systems remains a central goal. However, the increasing
complexity of molecular systems renders such endeavours computationally demanding, often necessitating varying levels
of approximation!. Current classical computational resources are insufficient to fully capture electron correlation in larger
molecular systems, such as proteins. More recently, distributed computing and an efficient flavor of Full Configuration
Interaction (FCI) known as the Small-Tensor Product Distributed Active Space (STP-DAS) has been used to simulate the
HBrTe molecule leading to the diagonalization of a Hilbert space exceeding 10'° determinants® involving 88 electrons and
100 spin orbitals in the x2c-TZVPall basis set®. For comparison, one of the largest conventional FCI simulations carried out
using classical methods involved propane (C3Hg), requiring the diagonalization of a Hilbert space spanning approximately
1.31 x 10'? determinants*, even when employing a minimal STO-3G basis set’. In quantum chemistry, Hartree-Fock (HF)
theory continues to serve as the foundational approximation for all subsequent methods®.

With the advent of quantum computers, the accurate simulation of chemically and biologically relevant systems are
expected to become increasingly tractable. Quantum algorithms promise the capability to model and evaluate protein-ligand
interactions’~® and binding energetics, explore conformational landscapes of flexible bio-molecules!®'-tasks that rapidly
become intractable on classical computers!”.This has motivated increasing interest in quantum computing, which offers
alternative algorithmic frameworks capable of addressing many-electron correlations more efficiently ! 1%,
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Fault-tolerant Application-Scale Quantum (FASQ)? algorithms, such as Quantum Phase Estimation (QPE)?! and Quantum
Singular Value Transformation (QSVT)?>23, face significant challenges due to their requirement for deep quantum circuits,
which remain impractical on current Noisy Intermediate-Scale Quantum (NISQ) hardware?*. To facilitate execution on
near-term devices, variational approaches such as the Variational Quantum Eigensolver (VQE)> were proposed. VQE evaluates
the expectation value of the Hamiltonian directly through a hybrid classical-quantum optimization loop, iteratively improving
the overlap between the parametrized quantum state and the true ground state. Recent developments?® have produced more
hardware-efficient variants, yet key limitations persist, including statistical fluctuations and physical noise inherent to NISQ
devices, as well as the requirement for prohibitively large numbers of samples and extensive error mitigation strategies?’.

Early hardware demonstrations of molecular problems using VQE, such as protein-ligand interactions, have been limited
to active spaces involving around four qubits’, primarily restricted to small organic systems. To overcome these limitations,
sample-based approaches such as Sample-Based Quantum Diagonalization (SQD)?® have emerged. SQD integrates Quantum
Selected Configuration Interaction (QSCI)?° with an error-mitigation scheme known as Iterative Self-Consistent Configuration
Recovery (S-CoRe)?® and employs classical Selected Configuration Interaction (SCI)** for post-processing diagonalization.
These methods have enabled the quantum sampling of molecules with up to 36 spatial orbitals, including the [4Fe-4S] complex
in a 77-qubit experiment, using 6400 nodes of the Fugaku super-computer’®. We note that SQD and VQE are complementary
rather than competing paradigms: whereas VQE performs iterative variational optimization of a parametrized ansatz, SQD
leverages quantum sampling to construct a compact configuration subspace for subsequent classical diagonalization, with the
dominant computational burden borne by the classical post-processing step.

While quantum computers are anticipated to handle strongly correlated systems more effectively, providing a compelling
rationale for their adoption, counterarguments emphasize potential limitations®'. Nonetheless, within the emerging paradigm of
Quantum-Centric Super-Computing (QCSC)?®, where the samples obtained from the quantum computers are further processed
in classical super-computers in a hybrid methodological framework, SQD has facilitated a series of further algorithmic
advancements.

Recent developments in sample-based quantum algorithms include applications to materials simulation®”, excited-state en-
ergy estimation®3, hybrid methods combining SQD with Krylov Subspace Diagonalization®* and QDrift*, leading to techniques
such as Sample-based Krylov Quantum Diagonalization (SKQD)*®, Quantum Krylov using Unitary Decomposition (QKUD)>’
and SqDRIFT3®. Additionally, methods have been developed to iteratively expand the configuration space, achieving chemical
accuracy while sampling only a fraction of the symmetry space (configurations obeying number and spin symmetries)>*2,
thereby reducing the classical computational costs as compared to SQD?®.

Classical fragmentation techniques offer a practical route to handling the exponential scaling of electronic structure methods
by dividing large molecular systems into smaller subsystems. By decomposing the global wavefunction or Hamiltonian into
fragment-level contributions, these approaches enable the study of chemically realistic systems without treating the entire system
at once, while retaining a controlled description of inter-fragment interactions. Prominent examples include Density Matrix
Embedding Theory (DMET)*~46 and its multi-reference variants*’-*8, Divide and Conquer (DC) method**->°, and the Fragment
Molecular Orbital (FMO) framework®!, all of which have demonstrated practical applicability across a wide range of molecular
and materials problems>?. These techniques provide a systematic route for reducing the effective dimensionality of quantum
chemical calculations by localizing electronic structure in real space or orbital subspaces, while incorporating environmental
effects through different mechanisms: embedding potentials in density-based approaches such as DFT embedding, density
matrix matching in DMET, and effective Hamiltonians in wavefunction-based embedding frameworks*3->3.

Beyond these foundational approaches, several modern fragmentation schemes aim to preserve higher-order correlation
effects while maintaining computational efficiency>*%. Coupled-cluster downfolding methods construct effective low-
dimensional Hamiltonians by integrating out inactive degrees of freedom using classical CC theory, yielding size-consistent
and systematically improvable reduced models>*>>®!. Variational Localized Active Space methods, such as LASSCF>%37,
explicitly partition the active space into weakly entangled local subspaces that can be optimized independently, providing
a natural interface for hybrid classical-quantum workflows. Related embedding paradigms include wavefunction-based
embedding methods (EWF)#, Many-Body Expansion (MBE)*”-%°, and Dynamical Mean-Field Theory (DMFT)%>%3, which
employ different strategies for capturing non-local correlation and dynamical effects. More recently, Bootstrap Embedding
(BE)**%7 has been introduced as a hybrid quantum-classical embedding framework that builds upon DMET by enforcing
consistency of reduced density matrices across fragment boundaries, matching the density matrices of the central region of a
fragment with those of its neighboring fragments.

In parallel, several approaches have focused on adapting classical fragmentation techniques for use with quantum simulation
algorithms. Notable examples include DMET-VQE implementations on superconducting and trapped-ion platforms’- 1368,
as well as DMET-SQD'* and EWF-SQD® approaches demonstrated on IBM quantum hardware. Related efforts such as
divide-and-conquer VQE (DC-VQE)”” and fragment molecular orbital extensions to quantum solvers, including Effective
FMO-VQE"!, further illustrate the breadth of strategies combining classical fragmentation with quantum sampling or variational
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techniques. Collectively, these works define a growing ecosystem of hybrid methods that aim to balance accuracy, scalability,
and near-term hardware constraints in quantum-enabled electronic structure calculations.

SQD has gained significant interest in recent times>®3°*! and is subject to further exploration to develop and assess
its performance within fragmentation frameworks'# %72 Towards this, we assess the feasibility of SQD within the DMET
framework for ligand-like molecules, extending upon the recently introduced DMET-SQD framework'# for strongly correlated
symmetric systems. Herein, we extend this framework to accommodate a wider class of molecules that are biologically
relevant, unlike the previously studied systems'*, which had high point group symmetry; these ligand-like molecules belong to
low-symmetry classes (typically Cy). This makes the universal thresholding criteria to pick the dominant configurations over
individual embedding problems a challenging task, a difficulty that provides a rigorous test of the robustness and practical
applicability of the proposed approach.

The ligand-like molecules considered for the study include: Cyanic Acid(HOCN), Formaldehyde Oxime (CH3NO), O-
methyl-hydroxylamine (CHsNO), Methyl Isocyanate (CoH3NO), Acetaldehyde Oxime (CoHsNO), Carbamide/Urea (CH4N;0),
Nitrosyl Chloride (NOCI), and Hydroxythiocyanate (HOSCN). All of these compounds have molecular weights below 76 Da
(see Fig. 4) and together span a chemically diverse set of small, pharmacologically motivated molecular systems. Several
members of this set, particularly urea derivatives and methoxyamine-related systems, have established relevance in medicinal
chemistry’3-7®. Furthermore, due to the heterogeneous nature of individual embedding problems, unlike previous studies,
the variation in the fragment-environment entanglement across the studied low-symmetry molecules manifests directly in the
bath orbital construction and impurity sizes, posing nontrivial challenges for both embedding and quantum sampling. This
will be further elaborated in the Results Section (Section 4), and makes the chosen set of molecules an appropriate testbed
for assessing DMET-SQD in the context of biologically and industrially relevant molecular systems. In particular, the virtual
orbital occupation threshold &, governing bath orbital inclusion emerges as a critical, system-dependent parameter whose
selection directly determines the balance between embedding accuracy and quantum hardware feasibility, and we therefore
subject it to a systematic sensitivity analysis.

Concisely detailing the work, in Section 2 an overview of the methods used are described briefly, in Section 3 the
experimental details and methodology are discussed where we emphasize that the variable entanglement structure of the
embedded fragments may vary the performance of SQD due to the lack of symmetry in the molecules, in Section 4 the results
obtained are discussed and finally in Section 5 we conclude the work and mention future prospects.

2 Theoretical Background

2.1 Hamiltonian Formulation and Local Unitary Cluster Jastrow ansatz

Under the Born-Oppenheimer approximation’’, the electronic structure problem is most conveniently expressed in second
quantization, where the Hamiltonian is written in terms of fermionic creation and annihilation operators acting on a basis of
spin orbitals’®:

N O | R
Hyy = Zhijai ajt3 )3 hm”“;aqa’ ds- .
ij

pq,ns

This representation separates one-electron and two-electron contributions and forms the natural interface for quantum
simulation, since it can be systematically mapped onto qubit operators using standard fermion-to-qubit encodings such as the
Jordan-Wigner transformation’®. In this work, we initialize the quantum register in the restricted Hartree-Fock (HF) reference
state, which is a single Slater determinant that is straightforward to prepare on quantum hardware and typically exhibits a
significant overlap with the true ground state.

Starting from this reference, we construct a correlated variational wavefunction using the Local Unitary Cluster Jastrow
(LUCYJ) ansatz®°, which is designed to balance chemical expressivity with circuit efficiency on near-term quantum devices.
The ansatz parameters are initialized using amplitudes inspired by coupled-cluster singles and doubles (CCSD) theory3!-8?,
providing a chemically motivated starting point for optimization. The LUCJ ansatz consists of multiple layers, each comprising
an orbital-rotation operator, a diagonal Jastrow interaction that captures electron-electron correlations, and the inverse orbital
rotation, thereby incorporating correlation effects in a structured and hardware-aware manner®>3*. The resulting variational
state is given by

Lo
W)ues = H efueue K jyry ()
u=l1
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Here, |y) - denotes the Hartree-Fock reference state and L is the total number of LUCJ layers. The operators Ky, and J,,
respectively generate orbital rotations and two-body correlation effects within each layer, enabling the ansatz to systematically
incorporate electronic correlation beyond the mean-field level while maintaining a circuit structure amenable to near-term
quantum hardware. For closed-shell systems, a spin-balanced form of the ansatz is employed to enforce spin symmetry and
reduce the number of independent variational parameters, improving optimization stability without sacrificing expressivity.

2.2 Density Matrix Embedding Theory

Density Matrix Embedding Theory (DMET)* is a frequency-independent quantum embedding method conceptually related
to Dynamical Mean-Field Theory (DMFT)®2, in which the environment of a chosen fragment is represented through a set of
entangled orbitals, referred to as bath orbitals. In DMET, a set of user-defined fragment orbitals A, is selected from a localized
orbital basis, and the remaining orbital space constitutes the environment Env,. This environment is decomposed into entangled
bath orbitals and unentangled core and virtual orbitals according to

Envy = ByUCoryUViry, (©))

where By denotes the bath orbitals capturing fragment-environment entanglement, while Cory and Vir, correspond to unentan-
gled occupied and virtual orbitals, respectively.

(a) (b)

g X H H

Figure 1. Tllustrative example of bath-orbital construction for the H> O molecule in the STO-3G basis. The system is
fragmented so that the orbital localized on a single hydrogen atom constitutes the fragment. (a) shows an iso-surface of this
localized fragment orbital; (b) shows the corresponding bath orbital obtained via DMET, which is a linear combination of the
remaining localized spatial orbitals in the molecular orbital basis. Together, (a) and (b) span the impurity subspace for the
H-fragment.

The bath orbitals are constructed from a mean-field reference (typically Hartree-Fock) by projecting the one-particle reduced
density matrix (1-RDM) onto the fragment subspace and diagonalizing the resulting matrix. The eigenvectors with fractional
occupations define the bath orbitals, and their number is bounded by the number of fragment orbitals®-3. An illustrative
example of bath construction for a hydrogen fragment in a water molecule is shown in Fig. 1. The fragment and bath orbitals
together form the impurity space on which an embedded Hamiltonian is solved to obtain the correlated wavefunction. A global
chemical potential fiy,, is adjusted to ensure electron number consistency across all fragments, corresponding to a one-shot
interacting bath formulation*3.

The fragment energy Ej, is given by

LA). +LB), o+ E)’ LAy +L3y

- pq T pg ) Y

EA,V ~ Z Z <2> sz‘F E Z (pq‘rs)Pqp\sr ’ (4)
PEAy q qrs

where y indexes the fragments in the partitioning of the molecular system, and E, denotes the energy contribution associated
with fragment A,. The indices p,q,r,s label spatial orbitals belonging to the impurity space, defined as the union of fragment
and bath orbitals with total dimension Ly, + Lpg,. The matrix elements #,, denote the one-electron integrals in the molecular

orbital basis, while ﬁ;q are effective one-body terms incorporating the mean-field contribution of the core orbitals. The
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quantities Dy, = (é;,&q> and P = (alalasa,) denote the fragment one- and two-particle reduced density matrices (1-RDM
qplsr prrestq

and 2-RDM), respectively. The two-electron integrals (pg|rs) are Coulomb integrals in the molecular orbital basis. The

prefactors of 1/2 avoid double counting when summing over all orbital indices, and the total energy of the system is obtained

by summing the contributions from all fragments.

2.3 Sample-based Quantum Diagonalization

SQD?® is a combination of the quantum sampling method QSCI?*® and an error-mitigation technique introduced in the work?®,
S-CoRe, which “recovers” the noisy configurations. These configurations thus obtained create a sub-space, which is further
expanded, and then the projection sub-space is obtained over which SCI*’ is performed to obtain the ground state energy.

129

2.3.1 Quantum State Preparation and Sampling

We begin with the goal of approximating the ground state energy of a many-body Hamiltonian by constructing and (classically)
diagonalizing a reduced Hilbert space that contains the dominant configurations contributing to the ground state configuration,
sampled using a quantum computer. Starting from an approximate ground state, like |y) 5, a variational ansatz is initialized
with suitable parameters: |y), . = U(6),65,...,6,) |¥)yx (in our case, the LUCJ ansatz with CCSD parameters) to increase
the overlap between the trial state with the true ground state, as provided in Fig. 2.

V) ur| : Upycj(01,02,....0,) [ | A

L )1

Figure 2. Quantum Circuit Diagram for performing Sample-based Quantum Diagonalization. The initial state is prepared as
the Hartree-Fock configuration, and is acted upon by an LUCJ ansatz which is pre-initialized with #{" and ti“jb parameters
obtained through CCSD calculation. Finally, measurement is performed in the &, basis.

Quantum sampling is performed in the computational basis, and a set .#,,,, is obtained with d configurations:

<5ﬂmmlf:{‘¢1>7|‘152>v"'7|‘l>d>} )

where every |¢;) can be represented as a tensor product of the @ spin and  spin configurations: |¢;) = |o;) ® |B;). The
total number of electrons in the molecular systems is designated as N,;.., and correspondingly the number of electrons in ¢
configuration and 3 configurations are designated as No and Np respectively. For molecular systems which contain fully-filled
spatial orbitals (closed-shell) and which possess zero spin, the following conditions must be satisfied for all the computational
basis states contributing to the eigen-states of the system:

Ny +Nﬁ = Nejee; Nag _Nﬁ =0. (6)

Due to the noisy nature of quantum computers, we end up also sampling configurations which violate the particle-number

and spin-z symmetries mentioned in Eq.(6). These “noisy” configurations are recovered using configuration recovery?®.

2.3.2 Self-Consistent Iterative Configuration Recovery
S-CoRe, or Configuration Recovery, is an iterative procedure designed to restore the sampled noisy configurations. Given an
approximate ground-state occupation number distribution for the state-vector |¥):

npo = (¥|apedps|¥), %)

where 7,4 is the occupancy corresponding to the p'" spatial orbital with ¢ spin configuration, S-CoRe updates each sampled
configuration, over multiple batches (the b-th batch indexed by b € {1,...,K}, where K is the total number of batches) by
probabilistically flipping occupations of the spin-orbitals based on the values of 1,5 until the total electron number and spin
projection match the target values. This produces a set of corrected configuration sub-spaces YC(?, Vb e {1,...,K} that respect
the intended symmetries while remaining close to the original sampled distribution.

For projection and diagonalization, the sub-spaces LS”C(? are converted to Yp(f;) ; as detailed in Section 2.3.3. With the £ (%)
and \‘P(b)> obtained post the classical diagonalization for all the K batches, the lowest energy min, E (%) is taken as the current
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best estimate, and the average orbital occupation is thus calculated as:

1 & .
npo = 2 3 (W |apoapsy), ®)
b=1

which is again used in the next iteration and so on. This self-consistent iteration ensures that the symmetry constraints are
enforced, and the recovered sub-space contains configurations closer to the desired orbital occupation distribution. From these

recovered configurations at each iteration, K batches of subspaces {fc(? }pek are obtained.

2.3.3 Selected Configuration Interaction
For the set of configurations obtained in the ™" batch, the sub-space is designated as ,Vé? . As the subsequent steps remain the
same for all the batches, we shall drop the super-script and denote the sub-space as .#¢cg without loss of generality.

In SQD, the configurations .7cgr = {|o4) @ |B1),|00) ®|B2), ..., |¢ta) ® |Bs)} do not represent the sub-space onto which
the Hamiltonian is projected. Instead in the case of closed-shell systems all the unique alpha configurations .@ique =

{loa),|2),...,|tz) } and unique beta configurations Bynigue = {|B1),|B2) ,--.,|Ba)} are again made into a final set:
gzum'que = %mique u %unique (9)
Now, a new configuration space is obtained from the tensor product of &4, With itself, which we define as .7, j:

gzunique® yunique = ypr{)j = { |A> ® |¢> Vv |A> S guniquea v |¢> € <@unique} (10)

Hence, %}, is the sub-space onto which the Hamiltonian is projected onto, and not the .y obtained after
configuration recovery. %, is subsequently diagonalized using Davidson’s Algorithm®’. The construction
in which the unique configurations from @7 igue and %Bipique are merged into & igue, followed by forming
the tensor-product space Zynique ® Punique> is motivated by the observation that the ground-state wavefunc-

tion generally exhibits correlated contributions from multiple combinations of spin-resolved configurations.In
particular, if a configuration of the form |a) ® |B) carries a non-zero amplitude in the ground state, then

configurations formed from the same « and B sectors in different pairings may also contribute, as observed

in correlated wavefunction structures®®. This construction is also consistent with the original SQD formula-

tion, where the subspace is generated by combining unique spin configurations to form all possible pairs>®.

The Hamiltonian is projected (for every " sub-space) into the sub-space Fprojs

H%)mj = RS/’pijRsppmj’ P*ypmj = Z |X> <X|’ (1 1)
xejf’,,mj

and the solution is obtained by performing diagonalization using Davidson’s method®’, finally providing us E (®) and |‘P(b)>,
which are again utilized in Eq. (8) to obtain the average orbital occupancies.

Because the diagonalization cost scales polynomially in ||, the method remains tractable as long as the number of
selected configurations does not grow exponentially with system size®”.

3 Methodology

This section describes the DMET-SQD framework, integrating fragmentation, impurity solving, and self-consistent quantum
procedures via global chemical potential. Section 3.1 details the workflow; Section 3.2 covers hardware, software, and settings.

3.1 DMET-SQD Workflow
The workflow'® used to perform DMET-SQD is as follows:

1. Full System Low-level Reference: The molecular co-efficient matrix C, and the HF determinant (in the case of single-
reference systems) of the whole system are obtained using Restricted HF method (here we only encounter molecular
systems with fully filled spatial orbitals).

2. Orbital Localization and Fragmentation: Then, the molecular spatial orbitals are localized (using Meta-Lowdin
localization®®) and based on the user-defined criteria (in this case, one atom per fragment), the orbitals are fragmented.
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3. Bath Orbital Construction: The bath orbitals are constructed with the remaining environment orbitals for the fragment
A,. Here, the occupation threshold &, is set to 10~13 for discarding virtual orbitals 43,

4. Impurity Fock Matrix Updation: The Fock matrix Fimp (where imp = Ay + B,) for each of the impurities is obtained,
and the chemical potential L, is subtracted from the diagonal entries corresponding to the fragment orbitals:

1 ifi=jandi€A,
0 otherwise

Fiy (Wston) = Fimp = tgtonPrrag:  Prrag = { (12)

5. Impurity SCF Updation: Using £V ( Hglob) from Eq. (12), an SCF calculation is carried out in the impurity space

imp
to obtain updated molecular properties, such as the impurity coefficient matrix C{‘;Z(uglob) and the corresponding
one-particle density matrix D”(Ugiop). The standard convention is to initialize ué’l‘gb =0.
6. High-level Quantum Solver (SQD): Now, we use SQD, as the high-level solver to estimate the ground state energy and

eigen-vector of these "impurities". The one-electron (hf”qlp( Ueiob)) and two-electron (hf:g;s( Ugiob)) Hamiltonian terms

(where pgrs € imp) obtained after the localization, serve as the Hop (.uglob)7 and the configurations optained through
quantum sampling (and subsequent Configuration Recovery) are used to form the subspace onto which H,,,;, is projected.
In the case of calculating the reference energies, this step would be replaced by FCI, without any loss of generalization.

7. Fragment Energy and RDM Extraction: Using the eigen-vector obtained in the previous step, the following quantities
are calculated:

* fragment energy Ey, (Ugiop) using Eq. (4),
* number of electrons in the fragment!? Njfv", where Nf;ie(uglob) =Ypea, DY, (Mgiob)

* 1-RDM D{,q(uglgb) and
« 2-RDM P;p‘”(ugl(,h) of the impurities, where pgrs € imp.

8. Aggregation of Fragment Contributions: Now similar to the fragment Ay, the steps 3 to 7 are repeated for all
the remaining Ny, — 1 fragments, where Ny, represents the number of fragments in the system. The total energy

Eo( ,ugl(,b), the number of electrons of the system N,,;, and the error in electron number Ngf can be thus obtained by:

Nfrag Nfrag
Etot(”glob) = Enuc + Z EA), (.uglob); Nt(}t(,uglob) = Z N,Xie (.ugIOb)a N:;{;e’(,uglob) = Nl()t (uglob) - Nlrue (13)
y y

where E,,,. is the nuclear repulsion energy of the total system, and N, is the exact number of electrons in the system
(which we know a priori).

9. Chemical Potential Optimization: Next, the root of the function N¢¢( Hgiop) is computed to within the convergence
threshold €opy, by iteratively updating (g, and repeating the steps 3 to 8, using a root finding method (in this case we

use Newton-Secant methodgg). In other words, we wish to obtain a ,u;l op Such that:

’Mot(“;lob) _Ntrue’ < Econy- (14)

The nine workflow steps described above are grouped into six broader conceptual categories, designated as Parts I-VI, to
provide a higher-level organizational structure for the DMET-SQD algorithm, as illustrated in Fig. 3. Step 1, Step 2 can be
considered to fall under a common section, designated as Part I, which deals with initial low-level solving of the entire system
to obtain certain pre-requisites, Steps 3, 4 and 5, deal with the creation of bath orbitals, and the inclusion of fiy,;, into the
hamiltonians of the impurities, which can be designated as Part I1. Step 6 falls under Part III, where the previously obtained
Hamiltonians are solved using a high-level solver, such as SQD. Step 7 involves obtaining the relevant information from the
state-vector obtained from high-level solving. This crucial step allows us to perform further iterations, and can be designated as
Part I'V. Step 8 and Step 9 involve looping over the fragments to obtain the total energy and the number of electrons in the
system, and subsequently tweaking (g, to satisfy Eq. (14), respectively. These steps are designated as Part V and Part VL.

3.2 Experimental Details

The sampling part of the quantum simulation experiments in this work was executed on the Eagle R3 quantum processor (IBM
Sherbrooke, containing 127 qubits)®*. The corresponding hardware calibration metrics recorded immediately prior to the
computation are provided in Section C of the Supplementary Material. These values represent the initial calibration state of the
device and should not be interpreted as a faithful reflection of the noise characteristics during execution. This distinction is
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Figure 3. A simplified workflow for DMET-SQD

important, as the full set of molecular simulations required approximately two days to complete, largely due to queueing delays
between successive quantum-sampling jobs, during which hardware performance may drift inevitably due to queue wait times
on shared quantum hardware, with drift bounded by the ~24-hour automated recalibration cycle as noted in Section C of the
Supplementary Material.

For DMET-SQD and DMET-FCI, Tangelo vO.4.3% wasused. LUCJ circuits were generated using ffsim v0.10.0°,
and quantum circuits were constructed and transpiled with Qiskit v1.4.2° and Qiskit IBM Runtime v0.36.1.
All quantum-chemistry tasks (HF, CCSD, and SCI) were carried out using PySCF v2.10 . 0%. The root-finding method used
was the Newton—Secant method from scipy v1.15.3%.

The molecules considered in this study are listed in Section B of the Supplementary Material. The STO-3G basis set
was employed to enable controlled benchmarking of the DMET-SQD framework against DMET-FCI, allowing for direct and
systematic comparison in a regime where exact classical reference solutions remain tractable. In particular, the use of a minimal
basis allows us to avoid additional approximations such as active space truncation in the DMET-FCI calculations, thereby
ensuring a consistent and unbiased reference. Furthermore, the reduced Hilbert space complexity makes this setting well suited
for studying the behavior of the embedding and sampling procedures under NISQ-era hardware constraints. Fragmentation was
performed such that each atom is treated as an individual fragment for all molecules.

While ROHF-based DMET formulations for open-shell systems are well-established”*%°, the ligand-like molecules
considered in this study are closed-shell systems, and a restricted Hartree-Fock reference is therefore employed for constructing
the DMET bath. The fragmentation scheme adopted is one-atom-per-fragment as a stringent test of bath orbital construction,
including chemically nontrivial cases where covalent bonds, such as double bonds, are cut across fragments. This aggressive
partitioning may introduce significant errors, but those errors will be identical in both DMET-SQD and DMET-FCI and can
hence be safely ignored, while simultaneously keeping the sample space as small as possible to reduce shot budget for SQD
sampling and also to reduce the classical post-processing overhead. We note that DMET is not rigorously size-consistent in the
formal sense; however, since both DMET-SQD and DMET-FCI are evaluated under identical embedding assumptions, this
limitation does not affect the conclusions drawn from their comparison.

Since the SQD solver relies on SCI for diagonalization, it is formally neither size-consistent nor size-extensive, and
its accuracy depends explicitly on the configurations retained. However, the hardware-driven sampling and subsequent
configuration recovery ensure that the most dominant determinants across the full Hilbert space are naturally picked, and
this dominant subspace can be systematically enlarged to improve the accuracy. This ensures that despite the formal lack of
size-consistency, the numerical accuracy is maintained even for larger basis sets and more extended systems within the scope of
the approach considered here.

8/29



For benchmarking, FCI is employed as it accesses the full configuration space and is both size-consistent and size-extensive.
This ensures that any deviation in correlation energy arises solely from the embedding and sampling procedure, thereby
providing a rigorous validation of the ability of DMET-SQD to reproduce DMET-FCI correlation within the scope of the present
study.

The number of shots used for quantum sampling was 10* and was kept consistent across all the impurities, regardless of
the number of spin orbitals within them. For each impurity, 5 iterations of S-CoRe were performed. The maximum allowed
samples per batch was set to 10°, which is the quantum sub-sampling threshold that is applied to the configurations obtained
post configuration recovery. The circuits were transpiled”” with optimization set to level 3, and no additional error handling
techniques were employed in these series of experiments. The convergence threshold &, for L., Was set to 1.48 x 1078,
which is the default parameter in scipy .optimize.newton method. The default virtual orbital threshold &,.. was 10~13
for bath orbital construction. This threshold determines the inclusion of the non-negligibly entangled environment orbitals into
the impurity space, thereby directly controlling the impurity size. Consequently, it influences both the amount of correlation
captured and the quantum resource requirements of the corresponding SQD simulations.

3.3 Bath-Orbital Threshold Sensitivity Analysis
The construction of the DMET bath orbitals depends explicitly on the occupation threshold €y, which determines whether a
given environment orbital is classified as entangled and therefore included in the impurity space. Since the size of the resulting
impurity Hamiltonian directly affects both the classical and quantum computational costs, it is important to assess the sensitivity
of the embedding procedure to the choice of €.

To investigate this dependence, additional calculations were performed using a range of occupation thresholds,

Eocc € {10*5,ur”710*%10*‘h10*‘%10“5}7 (15)

for representative embedding problem, particularly for the HOSCN molecule, in the Heron R3 quantum processor (IBM
Boston), the hardware calibration details of which are provided in Section D of the Supplementary Material. For each threshold,
the corresponding bath-orbital dimensions, impurity sizes, quantum resources, and the resulting energetics were analyzed.
Particular attention was paid to the variation in fragment-environment entanglement across the studied low-symmetry molecules,
since weakly entangled orbitals near the threshold can lead to significant changes in the impurity dimension.

The threshold sensitivity analysis was primarily performed to quantify the relationship between fragment-environment
entanglement and impurity construction, and to determine whether the inclusion of weakly entangled bath orbitals substantially
affects the resulting embedded Hamiltonians. Unless otherwise stated, all production DMET-SQD and DMET-FCI calculations
reported in this work employ the value £, = 10~!3, which was chosen to ensure that all non-negligibly entangled environment
orbitals are retained in the impurity space while maintaining a tractable computational cost.

4 Results

This section is organized as follows: Section 4.1 presents the main accuracy and convergence results across all eight molecules;
Section 4.2 examines the effect of the occupation threshold €, on embedding and quantum resources for HOSCN; and broader
implications of the results.

4.1 DMET-SQD Accuracy and Convergence
The absolute energy differences between the DMET-SQD energies and DMET-FCI energies of the molecules are presented
in Fig. 4. As is evident, the energy differences obtained are consistently lower than 107> Ha, and in some cases are within
micro-Hartree precision in comparison to DMET-FCI. We note that since DMET-SQD and DMET-FCI employ identical
fragmentation settings, basis sets, and occupation thresholds, all systematic errors originating from basis set incompleteness,
one-atom-per-fragment partitioning, and bath truncation cancel exactly in AE, which therefore isolates the accuracy of the SQD
impurity solver relative to the FCI reference within an identical embedding framework, making this a stringent comparison of
the chosen high-level quantum computing solver against the exact classical reference. Two additional factors that may influence
the reported accuracy are the SQD subspace thresholding and hardware noise. The maximum number of samples per batch was
set to 107 across all fragments, ensuring that SQD’s quantum sub-sampling threshold does not constitute a limiting factor in the
reported accuracy. The hardware calibration metrics recorded immediately prior to execution are provided in Appendix C.
The details pertaining to the fragmentation settings, quantum resource requirements, and the dimensions of the symmetry
space and Hilbert space are summarized in Table 1. The QPU time ‘T(s)’ in the table is measured via the IBM Qiskit
Runtime API’s provided metadata and represents the cumulative quantum sampling time across all fragments and DMET
iterations, excluding classical post-processing (S-CoRe and SCI diagonalization). The resource estimation is presented in the
IBM Sherbrooke superconducting hardware basis gate set {X, R, vX(S;), ECR}. The largest quantum-sampling experiment
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Table 1. Quantum resource estimation summary for the molecular fragments. Beginning from the left: Chemical formula of
the molecule, Fragment, number of spatial orbitals and number of electrons represented as (o, €), number of qubits used, depth
of the quantum circuit, number of R_, VX (Sx), X, ECR gates used respectively for the specific instance of execution,
dimension of the Symmetry Space(IS.Sl), dimension of the Hilbert Space(IH.SI), the QPU time taken for performing
DMET-SQD, and the number of iterations for fy,;, convergence (N;).

Molecule | Frag (o, e) Qubits | Depth R, Sy X ECR IS.SI [H.SI T(s) | Ny
[H] 2,2) 4 34 46 38 0 12 4 16

HCNO [C] | (10, 10) 20 389 1939 | 1524 | 108 | 584 63,504 1,048,576 68 4
[N] | (10, 10) 20 365 1833 | 1548 | 88 550 63,504 1,048,576
[O] | (10, 10) 20 343 1804 | 1410 | 126 | 550 63,504 1,048,576
[C] | (10, 10) 20 366 1847 | 1454 | 134 | 580 63,504 1,048,576
[H] 2,2) 4 34 43 38 0 12 4 16
[H] 2,2) 4 34 44 38 0 12 4 16

CHNO [H] 2,2) 4 35 47 38 0 12 4 16 1071 4
[N] | (10, 10) 20 341 1814 | 1511 | 88 542 63,504 1,048,576
[O] | (10, 10) 20 378 1893 | 1479 | 138 | 586 63,504 1,048,576
[C] | (10, 10) 20 369 1946 | 1578 | 109 | 586 63,504 1,048,576
[H] 2,2) 4 35 45 38 0 12 4 16
[H] 2,2) 4 35 48 38 0 12 4 16
[H] 2,2) 4 34 44 38 0 12 4 16

CHsNO [H] 2,2) 4 35 46 38 0 12 4 16 130 1 4
[H] 2,2) 4 34 46 38 0 12 4 16
[O] | (10, 10) 20 369 1796 | 1463 | 120 | 552 63,504 1,048,576
[N] | (10, 10) 20 410 1950 | 1543 | 130 | 590 63,504 1,048,576
[C] | (10, 10) 20 591 1929 | 1597 | 126 | 604 63,504 1,048,576
[C] | (10, 10) 20 396 1871 | 1503 | 125 | 578 63,504 1,048,576
[H] 2,2) 4 35 46 38 0 12 4 16

GH3NO | [H] 2,2) 4 35 46 38 0 12 4 16 130 | 4
[H] 2,2) 4 34 43 38 0 12 4 16
[N] | (10, 10) 20 371 1901 | 1532 | 104 | 568 63,504 1,048,576
[O] | (10, 10) 20 383 1868 | 1544 | 116 | 572 63,504 1,048,576
[C] | (10, 10) 20 361 1927 | 1589 | 107 | 580 63,504 1,048,576
[C] | (10, 10) 20 343 1813 | 1432 | 134 | 568 63,504 1,048,576
[H] 2,2) 4 35 47 38 0 12 4 16
[H] 2,2) 4 35 47 38 0 12 4 16

C,HsNO | [H] 2,2) 4 35 46 38 0 12 4 16 165 | 4
[H] 2,2) 4 35 48 38 0 12 4 16
[H] 2,2) 4 35 48 38 0 12 4 16
[N] | (10, 10) 20 375 1906 | 1545 | 94 568 63,504 1,048,576
[O] | (10, 10) 20 635 1865 | 1424 | 139 | 572 63,504 1,048,576
[C] | (10, 10) 20 633 1809 | 1405 | 142 | 568 63,504 1,048,576
[N] | (10, 10) 20 655 1877 | 1389 | 131 | 588 63,504 1,048,576
[H] 2,2) 4 34 43 38 0 12 4 16
[H] 2,2) 4 35 47 38 0 12 4 16

CHN0 H] | 2,2 4 34 44 38 0 12 4 16 1o 4
[H] 2,2) 4 33 42 38 0 12 4 16
[N] | (10, 10) 20 408 1925 | 1500 | 117 | 578 63,504 1,048,576
[O] | (10, 10) 20 444 1811 | 1437 | 122 | 564 63,504 1,048,576
[N] (8, 10) 16 223 897 628 88 300 3,136 65,536

NOCI [O] (8, 10) 16 219 891 636 80 300 3,136 65,536 62 4

[C1] | (12,18) 24 342 | 2441 | 2117 | 109 | 738 48,400 16,777,216
[H] 2,2) 4 34 43 38 0 12 4 16
[O] | (10, 10) 20 454 1838 | 1427 | 199 | 619 63,504 1,048,576

HOSCN [S] | (15, 18) 30 1,081 | 4384 | 4018 | 205 | 1351 | 25,050,025 | 1,073,741,824 | 98 4
[C] | (10, 10) 20 651 1911 | 1534 | 146 | 600 63,504 1,048,576
[N] | (10, 10) 20 558 2021 | 1622 | 143 | 646 63,504 1,048,576
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Figure 4. Comparison of the DMET-SQD energies obtained for the set of studied molecules on IBM Sherbrooke Quantum
Hardware (4" — 5" June, 2025) with DMET-FCI. All the energies obtained are within the chemical accuracy criterion (1
kcal/mol = 0.001594 Ha), which is marked with the red-dashed line. The x-axis denotes the name of the studied molecule, the
molecular formula, and the molecular weight. The y-axis denotes the absolute energy difference between the energy obtained
through quantum hardware using DMET-SQD (EpyEer—sop) and the reference energy Epyer—rcr, which is defined as AE.
Since DMET-SQD and DMET-FCI employ identical fragmentation settings, basis sets, and occupation thresholds, AE isolates
the accuracy of the SQD impurity solver relative to FCI within the same embedded active space.

employed 30 qubits, with a symmetry-space dimension of 25,050,025 and a Hilbert-space dimension of 1,073,741,824. The
largest quantum circuit depth was 1081. These entries have been highlighted in the table to indicate the maximal values
observed in our work. In contrast, the complete (unfragmented) quantum simulation of the molecules with SQD would require
the following number of qubits in the STO-3G basis: HOCN (32 qubits), CH3NO (36 qubits), CHsNO (40 qubits), CoH3NO
(46 qubits), CoHsNO (50 qubits), CH4N> O (48 qubits), NOCI (38 qubits), and HOSCN (50 qubits).

Section E in Supplementary Material provides the detailed orbital space decomposition for each fragment. We note that in
DMET, only the impurity space comprising the fragment orbitals A, and bath orbitals By is solved on the quantum computer,
requiring 2(|A,|+ |By|) qubits per fragment at most. The core orbitals Cor, and virtual orbitals Vir, are excluded from the
quantum simulation entirely - their contributions enter only as a classical mean-field correction to the embedded Hamiltonian.
Consequently, there is no additional qubit overhead associated with Cor, or Viry. The largest fragment in this work amounts to
a reduction from 50 qubits (full HOSCN) to at most 30 qubits ([S] fragment).

Fig. 5 illustrates the convergence behavior of the DMET-SQD workflow with respect to the number of iterations Nj
(required for L., convergence) for a set of ligand-like molecules. Panel (a) reports the absolute energy difference AE =
|EpmeT-sqp — EpmeT-Fei| on a logarithmic scale, while panel (b) shows the corresponding electron number deviation Ng'™
for each impurity. A systematic and monotonic reduction of errors is observed as the number of iterations increases, with
all systems achieving energy deviations below 107> Ha and electron number errors below 10~7 by N;; = 4. Notably, this
convergence behavior is consistent across molecules with varying chemical composition and molecular weight, indicating that
the DMET-SQD workflow is robust with respect to system size within the studied regime. These results demonstrate that,
despite aggressive fragmentation (one-atom-per-fragment) and minimal basis sets, DMET-SQD is able to recover correlation
energies consistent with the reference DMET-FCI solver to within chemical accuracy.

The simulation results showing the energies obtained through DMET-SQD on a quantum computer, DMET-FCI as reference,
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Figure 5. Convergence behavior of the DMET-SQD energies for a set of molecular systems. (a) Absolute energy deviation
with respect to the final energy obtained through DMET-FCI, AE = \EDMET_SQD — Epwmet-rci|, (b) Corresponding absolute

Nirg L . . .
electron-number error, |N&%¢| = | ¥y Nglf — Nirye| as given in Eq. (13), as a function of the iteration number Nj; of the
chemical potential g0, convergence loop. Different molecular systems are distinguished by marker style, while the color scale

denotes molecular weight.

and the absolute energy difference between them are shown in Section B in Supplementary Material. The energy differences lie
along the range of micro-Hartree, indicating strong agreement with the reference. The geometric co-ordinates of the molecules
used for simulation were geometry-optimized (force-field level)*® and are given in the Section A of the Supplementary Material.

These results indicate that the quantum sampling, configuration recovery, and subsequent creation of projection sub-space
through symmetrized expansion of the unique spin configurations (Eq. 9 and Eq. 10), is leading to diagonalization over a
sub-space which is a sizable fraction of the symmetry space’®.

4.2 Entanglement-aware Embedding via Occupation Threshold &,

From a quantum computing perspective, the choice of &,.. plays a critical role in balancing correlation accuracy and hardware
feasibility. A smaller cutoff retains more bath orbitals, thereby increasing the impurity size, which in turn raises the number of
qubits and circuit depth required for SQD. This leads to a degradation in sampling quality due to increased noise accumulation
on NISQ hardware, which requires more robust configuration recovery. Conversely, a larger cutoff reduces the impurity size,
improving sampling efficiency and robustness, but at the cost of neglecting weaker correlations. This trade-off is particularly
pronounced in low-symmetry (C;) molecular systems, where geometric details strongly influence fragment-environment
entanglement patterns. Our observations indicate that €, is therefore a physically and computationally significant control
knob that governs both the expressibility of the embedding and the viability of quantum sampling. Notably, this sensitivity is
particularly consequential in the DMET-SQD context, where impurity size directly governs qubit count, circuit depth, and shot
budget - quantum hardware constraints that are inconsequential for classical impurity solvers such as FCL

4.2.1 Bath Orbital Construction for various Occupation Thresholds

The construction of bath orbitals in practical DMET implementations relies on the spectrum of the environment block of the
1-RDM, where only a subset of eigenvectors corresponding to nontrivial (fractional) eigenvalues are retained as entangled
bath orbitals. In realistic quantum chemistry calculations, several of these eigenvalues may lie numerically very close to 0 or
1, making it difficult to distinguish between genuinely entangled orbitals and effectively unentangled environment orbitals.
Therefore, this leads to a practically feasible and efficient construction of the impurity, consisting of the localized fragment
orbitals and the entangled bath orbitals with eigenvalues adhering to &,.., as discussed in the methodology, to truncate negligible
contributions and define the bath space*.

In our DMET-SQD simulations with atom-wise fragmentation, this truncation directly impacts the resulting impurity sizes.
For instance, in the cases of NOCI and HOSCN, although the nominal impurity size for the [Cl] and [S] fragments would
correspond to 18 orbitals, the application of the eigenvalue cutoff reduces the effective bath to only 3 and 6 orbitals, respectively,
yielding smaller impurity spaces consisting of 12 and 15 orbitals, respectively. This phenomenon has been critically analyzed
and observed for the HOSCN molecule, as shown in Fig. 6. This reflects that only a limited subset of orbitals significantly
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contributes to the fragment—environment entanglement, as determined by the chosen &, threshold. This behaviour is consistent
with the underlying fragment-environment entanglement structure of these molecules, and its implications for quantum resource
requirements and embedding accuracy are examined subsequently.

To quantify the impact of &, on the embedding and the resulting quantum resource requirements, we performed a sys-
tematic threshold sweep on HOSCN using six values €ycc € {10_5, 1077,107%,10" 11 10713, 10~ 1> }, with all other simulation
parameters held fixed. By MacDonald’s theorem®, the rank-|A,| coupling between the fragment and its environment bounds
the number of eigenvalues of the environment block D{™ that can be displaced from 0 or 2, so at most |Ay| fractional (entangled)
eigenvalues exist per fragment. The fractionality of each eigenvalue € of Df™ is measured by 6 = min(g,2 — €): for € close to
0 (empty orbital) or 2 (filled orbital), § ~ 0 and the orbital is unentangled, whereas d ~ 1 signals a maximally entangled bath
orbital. The MacDonald bound therefore directly limits the number of eigenvalues with § > 0 to at most |A,| per fragment. For
HOSCN, this yields an upper bound of 1 for [H], 5 for each of [O], [C], and [N], and 9 for [S], consistent with their respective
fragment orbital counts |A,| given in Section E in Supplementary Material.

The environment 1-RDM eigenvalue fractionality spectra per fragment, shown in Fig. 7, directly confirm this bound:
each panel contains at most |A,| eigenvalues with 6 > 0, while all remaining environment eigenvalues collapse to the noise
floor, corresponding to exactly unentangled core or virtual orbitals. The entanglement structure is, however, highly fragment-
dependent in how those |Ay| fractional eigenvalues are distributed: [H], [O], [C], and [N] exhibit sharp spectral gaps, with their
few fractional eigenvalues well-separated from the noise floor, so that |By| is stable across all thresholds. In contrast, [S] shows
a gradual spectrum spanning several orders of magnitude — its 9 fractional eigenvalues decay continuously from & ~ 107!
down to § ~ 10~ 1* without a clean gap, so that |By| grows from 3 to 9 as € is tightened from 10~ to 10~15.

Since &, directly controls which of these MacDonald-bounded fractional eigenvalues are admitted as bath orbitals, it
serves as a physically grounded, entanglement-aware embedding control parameter: a tighter threshold retains more of the
fragment—environment entanglement at the cost of larger impurity spaces, while a looser threshold discards weakly entangled
orbitals to reduce quantum resource requirements. This sensitivity is particularly consequential for [S], whose absence of a
clean spectral gap makes it uniquely vulnerable to the choice of threshold, with direct consequences for quantum resource
requirements and embedding accuracy examined subsequently.

4.2.2 Analysis of ¢,.. within DMET-SQD

Fig. 8 illustrates the convergence of the DMET-SQD workflow for HOSCN as a function of both N;; and the occupation
threshold &, revealing that thresholds in the range 1072 to 10713 yield the fastest convergence and the lowest final AE,
reaching below 10~ Ha by N;; = 4 while remaining within the chemical accuracy threshold throughout. At the largest threshold
(€occ = 1077) and the smallest (€occ = 10~19), the final AE is significantly larger, as shown in Fig. 8.

Fig. 9 summarizes the quantum circuit resources for HOSCN as a function of £y... As expected, the circuit width grows
monotonically with decreasing threshold, since a finer &, retains more bath orbitals and thereby enlarges the active space. The
[S] fragment is the most sensitive to this truncation: owing to its large fragment size (JA,| = 9), it reaches a maximum of 36
qubits at €5 = 10~ 15, Circuit depth follows a similar trend, with [S] exhibiting the deepest circuits across all thresholds.

Fig. F1 in Section F of Supplementary Material presents the classical S-CoRe resource requirements for each DMET
fragment of HOSCN as a function of &y.. For the [H], [O], [C], and [N] fragments, the symmetry-space dimension |Sproj|
remains largely stable across all thresholds, with sampling ratios consistently above 95%, indicating that the fixed shot budget of
10* is sufficient to cover the projected subspace for these fragments at all thresholds. The [S] fragment presents a qualitatively
different picture: |Spy;| grows by nearly two orders of magnitude from &,cc = 107> to 1013, accompanied by a collapse of the
sampling ratio from ~83% to ~2%. This reflects the growth of the [S] active space from 26 to 36 qubits as & is tightened,
driven by the bath truncation exception |A,| # |By| unique to this fragment (see Section E in Supplementary Material). Taken
together, these results establish that &, functions as an entanglement-aware embedding control parameter: for HOSCN, the
threshold 1013 achieves chemical accuracy while avoiding the unnecessary resource overhead incurred by admitting near-zero
eigenvalues, providing a concrete and transferable criterion for threshold selection in low-symmetry molecular applications.
However, an arbitrary lowering of the &,.. value without increasing the shot budget would lead to under exploration of the
Hilbert space, resulting in lower accuracy.

The observations above suggest a practical preliminary analysis protocol for DMET-SQD calculations: prior to any
quantum computation, performing the diagonalization of the environment block of the 1-RDM as part of a mean-field DMET-
HF calculation and inspecting the resulting fractionality spectrum 6 = min(€,2 — €) per fragment provides a zeroth-order
diagnostic for the selection of &,... The spectral structure (specifically, the presence or absence of a clean gap separating
genuinely fractional eigenvalues from the noise floor) directly quantifies the fragment—environment entanglement and anticipates
the sensitivity of the impurity construction to the threshold choice. This is computationally inexpensive, requiring only a
classical mean-field calculation, yet yields actionable guidance: fragments exhibiting sharp spectral gaps (such as [H], [O], [C],
and [N] in HOSCN) are insensitive to €qc. and require no threshold tuning, whereas fragments with a gradual spectrum (such
as [S]) signal that the threshold must be chosen with care to balance correlation completeness against quantum and classical
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Figure 7. Environment 1-RDM eigenvalue fractionality spectrum & = min(g,2 — €) for all fragments of HOSCN in the
STO-3G basis (25 total spatial orbitals), at six occupation thresholds o € {1073,1077,1072,107'1,10713,10715}. The
environment size per fragment follows directly from |Envy| = Now, — |Ay|: [H] has [Envy| = 24 (|A,| = 1), [O], [C], and [N]
each have |[Envy| =20 (|Ay| = 5), and [S] has |Envy| = 16 (JA,| = 9). Dashed horizontal lines mark each threshold, and
eigenvectors corresponding to eigenvalues above a given line are selected as bath orbitals at that €.
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Figure 8. Convergence of the DMET-SQD energy error and global chemical-potential optimization for HOSCN at different
occupation thresholds &, on IBM Boston Heron R3 (13" June, 2026). (a) Energy error, AE = |EpmeT-sop — Epmer.rei|, and
(b) electron-number error, |N§I'f\, as functions of the DMET iteration number N;;. Marker styles distinguish different &y
values, while colours indicate log;o(€cc), with darker shades corresponding to smaller thresholds. The shaded region in panel
(a) denotes the chemical-accuracy regime (1 kcal/mol ~ 1.594 x 1073 Ha).

resource constraints. In particular, a tighter &, admits more bath orbitals and captures more correlation, but enlarges the
impurity Hamiltonian whose classical diagonalization and quantum circuit shot budget scale exponentially with active space
size, rendering an overly stringent threshold computationally prohibitive.

Taken together, this preliminary spectral analysis elevates €, selection from an empirical numerical choice to an
entanglement-aware decision: by grounding the threshold in the fractionality spectrum of the mean-field 1-RDM, the entire
DMET-SQD workflow (from bath construction and impurity sizing through to quantum sampling and classical diagonalization)
is guided by the true fragment-environment entanglement content of the system. Consequently, & is not merely a numerical
convergence parameter but a physically transparent, entanglement-aware embedding control parameter whose optimal selection
is essential for balancing correlation accuracy against qubit count, circuit depth, and shot budget in low-symmetry molecular
systems on quantum hardware. This consideration extends naturally to recent embedding frameworks such as EWF® that
builds upon DMET as its foundational layer.

Moreover, SQD’s reliance on recovering signal from noisy configurations, evidenced by the need for only 2% meaningful
signal amid raw noisy data in benchmark cases”®. This reveals a deep hardware dependence that, while enabling NISQ-scale
simulations, introduces inefficiencies tied to noise levels. In lower-noise regimes (higher signal configurations), the subspace
dimension could remain fixed, but fewer invalid configurations would require correction via the iterative orbital occupancy
updates, potentially shifting the burden to the quantum sampler itself. Sampling from this single ansatz distribution, however,
introduces key caveats®': notably, the risk of repetitive over-sampling of dominant configurations, leaving scant opportunity to
capture rarer determinants that contribute non-negligibly to the true ground state.

Although lower hardware noise increases the fidelity of sampled configurations, it simultaneously suppresses the population
of symmetry-breaking configurations. Configuration Recovery relies upon these noisy configurations to expand the sampled
subspace using the orbital-occupancy distribution as a reference. In the extreme low-noise limit, this reduced exploration can
narrow the recoverable determinant space and ultimately degrade the accuracy of SQD°. Modern trapped-ion platforms achieve
two-qubit gate fidelities of ~ 99.92% (Quantinuum)'%, ~ 99.99% (IONQ)'°!, neutral-atom arrays report two-qubit fidelities
approaching 99.5% (QuEra)'??, and superconducting qubits have recently achieved ~ 99.5% (Rigetti)'**, ~ 99.88% (IBM)'%*,
~99.93% (IQM)'% two-qubit fidelities, all of which influence the balance between valid and recoverable configurations in
SQD.

16/29



E'()CC

B 107°  mem 1077 mmm 107°  pmm 10°Y  pmm 1008 pmm 107V

40 1073
32+ Fragment orbital qubits

24 = M Bath orbital qubits IIIIII
T iy plimd

8= 1077

Circuit width (qubits)

Ll Ll Ll
[H] [O] [S] [C] [N]

b 10004
800
600
400 -
200 -

0 -

10°°

Circuit depth
Eocc

10711

[H] [O] [S] [C] [N]

(o]

7.5 = 10713

QPU time (s)

0.0 = 10713
[H] [0] [s] [C] [N]
Fragment

Figure 9. Quantum circuit resources for HOSCN/STO-3G across €oc thresholds Circuit width decomposed into fragment
orbital qubits (2|A,|, hatched) and bath orbital qubits (2|By|, solid) (a), transpiled circuit depth (b), and QPU execution time (c)
for each DMET fragment of HOSCN, executed on the IBM Heron R3 (ibm_boston) quantum processor across six
thresholds €occ € {107°,1077,107?,10~11,10713,10~13}. Error bars denote 16 over all {y1o5 convergence iterations.

5 Conclusion

In this work, we have successfully performed quantum simulations of a set of natural ligand-like molecules in the STO-3G
basis set (with molecular weights between 40 Da and 76 Da). We employed DMET as a classical fragmentation technique
followed by SQD as a high-level solver. The simulations were run on IBM’s Eagle R3 (ibm_sherbrooke) superconducting
quantum computing hardware. All the results obtained were benchmarked against DMET-FCI and were found to be within
chemical accuracy.

In addition, a detailed entanglement-aware analysis of the sample-based technique within the embedding framework
was performed for the HOSCN molecule by systematically varying €y, across six orders of magnitude on IBM’s Heron
R3 (ibm_boston). This analysis demonstrated that €y, functions as a physically meaningful, entanglement-aware control
parameter rather than a simple numerical convergence threshold, with a fragment-dependent sensitivity that is particularly
pronounced for strongly entangled fragments such as [S], and obtaining an optimal threshold range might be beneficial, which
balances embedding completeness against quantum hardware feasibility.

Thereby, the current NISQ hardware seems to show potential to perform quantum sampling experiments, leading to classical
sub-space diagonalization in post-processing with high accuracy. This paves the way for potential industrial use-cases in
the field of quantum computer-aided drug design and materials design. In practice, an overly stringent threshold increases
circuit depth and noise sensitivity without a comparable accuracy benefit, while an overly relaxed threshold risks neglecting
non-negligible fragment-environment correlation. For HOSCN, the environment 1-RDM eigenvalue spectrum (Fig. 7) provided
a direct, per-fragment diagnostic for identifying this balance; extending such a diagnostic-driven selection of &,.. to other
low-symmetry systems remains an important direction for future work.

Notably, this trade-off is not merely qualitative: our threshold sweep on HOSCN shows that the energy accuracy AE
depends non-monotonically on €,.., with the tightest threshold (&,.. = 10719 yielding worse accuracy than an intermediate
value (&,cc = 10713) due to severe under-sampling of the enlarged [S] impurity. This finding cautions against the common
assumption that tighter occupation thresholds are uniformly preferable, and instead establishes &,.. selection as an explicit
accuracy—resource optimization problem for low-symmetry molecular systems on near-term hardware.
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That being said, although SQD ensures that the noisy configurations are recovered into the symmetry space by using the
average orbital occupancy distributions as reference, this does not guarantee that the noisy configurations are stochastically
converted into determinants with a non-negligible contribution to the true ground state. The procedure still might lead to
obtaining configurations from the symmetry space, which contribute little to the final energy estimate.

This highlights the need for approaches that explicitly promote compactness in the selected subspace, where the retained
configurations are guided by user-defined criteria rather than by sampling alone. By constraining the search to a compact and
size-controlled subspace, one can more reliably concentrate quantum and classical resources only on the determinants most
relevant to the target state, leading to an overall reduction of computational cost for the procedure.

This need is further underscored by the fact that the performance of S-CoRe is intrinsically tied to the noise level of the
hardware: in ultra-low-noise regimes, the sampling distribution collapses onto a few high-weight determinants concentrated
near the Hartree-Fock reference, severely limiting subspace diversity, whereas moderate noise increases the proportion
of off-symmetry samples that, after configuration-recovery, can populate a richer and more correlation-relevant subspace.
Relying solely on stochastic sampling and symmetry recovery, therefore, leaves subspace quality coupled to hardware noise
characteristics outside the user’s control, motivating more explicitly guided subspace construction strategies>” .

A further promising direction is the incorporation of cumulant-based 2-RDM reconstruction'% within the DMET-SQD
framework, which has been shown to improve the accuracy of global observables and is in principle compatible with the RDM
outputs of the SQD procedure. Additionally, extension of the present framework to larger basis sets and open-shell systems, as
well as the systematic study of the effect of €,.. across the full molecular set studied here, remain important avenues for future
investigation.

Supplemetary Material

The Supplementary Material provides comprehensive supporting data for the present study, including the optimized geometric
coordinates of all ligand-like molecules considered, detailed comparisons of ground-state energies obtained using DMET-SQD
and DMET-FCI (demonstrating good agreement with chemical accuracy), the calibration parameters of both the IBM Eagle R3
(ibm_sherbrooke) and IBM Heron R3 (ibm_boston) quantum processors employed in the simulations, the complete
fragment orbital space decomposition for all studied molecules, and the classical reosurce cost for HOSCN molecule while
varying the occupancy threshold.
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A Geometric Coordinates of the Studied Molecules

Geometric Coordinates
Molecule
Atom X y zZ

H | -1.458587 | -0.272810 | 0.065495

Cyanic Acid O | -0.600578 | 0.099568 | -0.321249
(HOCN) C | 0544407 | 0.090463 | 0.422709
N | 1.514757 | 0.082779 | 1.053115
C | -0.910484 | -0.020015 | -0.332484

H | 2170747 | -0.116917 | 0.612439

Formaldehyde Oxime H | -1.005526 | 1.043453 | -0.507441
(CH;NO) H | -1.760983 | -0.667161 | -0.500891
N | 0207852 | -0.523560 | 0.074740

O | 1298394 | 0.285100 | 0.293422

C | -0.966149 | 0.201296 | 0.149956
H | -1.000265 | 0.965450 | -0.658496

H | -1.667205 | 0.516700 | 0.949826

Methoxyamine H | -1.306933 | -0.785003 | -0.237043
(CHsNO) H | 1.882536 | 0.441132 | -0.409602
H | 1.601346 | -1.163838 | -0.023188
N | 1.132081 | -0.281427 | -0.328214

O | 0324588 | 0.105691 | 0.692069
C | -0.872655 | -0.048579 | -0.012732
C 1.498758 | 0.200579 | -0.121172

Mothyl Isocyanate H | -0.658520 | -0.731912 | 0.839315
(CHINO) H | -1.419752 | -0.612203 | -0.796487
H | -1.514077 | 0.782782 | 0.345983

N | 0351223 | 0.500017 | -0.581535

O | 2.615024 | -0.090684 | 0.326629

C | -1.321954 | 0.079847 | -0.059915

C | 0.125140 | 0.194559 | 0.278307

H | -1.848828 | -0.492848 | 0.731931

. H | -1.772167 | 1.091808 | -0.134570

?C";Izlﬁgl)-‘y de Oxime H | -1.440397 | -0.441345 | -1.033016
H | 0567039 | 1.175157 | 0.409184

H | 2.659033 | 0.076802 | 0.861245

N | 0.845312 | -0.873562 | 0.413794

O | 2.186822 | -0.810420 | 0.726078

C | 0.023609 | 0.174787 | 0.475047

H | 2.152264 | -0.041841 | 0.244225

H | 1.187776 | -0.518005 | -1.199231

Carbamide / Urea H | -2.122930 | 0.259006 | 0.346006
(CH4N>0) H | -1.304030 | -0.342648 | -1.139910
N | -1.243207 | 0.016569 | -0.161562

N | 1.224229 | -0.157069 | -0.220304

O | 0.082288 | 0.609201 | 1.655728

. . N | -0.222631 | 0.458624 | 0.000000
g\lfg’csly)l Chloride O | -1.157638 | -0.281711 | 0.000000
Cl | 1380269 | -0.176914 | 0.000000

H | -1.576204 | 0.567554 | -0.304395

Hydroxythiocyanate O | -1.272167 | 0.443194 | 0.630206
(HOSCN) S | 0421261 | -1.048230 | 0.616500
C 1.126988 | -0.244750 | 0.353656

N | 2.142645 | 0.282231 | 0.181157

Table A1. Geometric co-ordinates of the molecules used for simulation(geometry-optimized upto force-field level)*s.
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B Energy Results

Molecule Epmet-sop (Ha) Epwmer-rc1 (Ha)
(CgaOfg‘;v /)*Cid -165.80748733 -165.80748835
(Fgg;gg‘;hyde Oxime -166.89443901 -166.89443875
?g‘;;zl;’g;‘mme -168.04584566 -168.04584180
lgggzjlvlos?cyanate -204.57166716 -204.57166689
?cze;ilzcvlgl)yde Oxime -205.56816508 -205.56816496
%;Z‘ﬂ]‘gzlg)e / Urea -221.44130237 -221.44130142
g\i/t(l;ocsly)l Chloride -582.38458086 -582.38458236
(ng?élyvt)hiocyanate -559.05055857 -559.05056231

Table B1. Energy results obtained from the DMET-SQD simulations for the studied molecules along with the energy
reference Epmet.rer in Hartree (Ha).

C Quantum Computing Hardware Calibration Data - IBM Sherbrooke

Parameter Value
T1 270.447138 us
T2 211.026521 us
Frequency 4.794027 GHz
Anharmonicity -0.310939 GHz
Readout assignment error 0.021240
PO 1) 0.020507
P(1|0) 0.019042
Readout length 1216.0 ns
Identity gate error 0.000244
R, gate error 0.0
VX (S,) gate error 0.000244
Pauli-X gate error 0.000244
ECR gate error 0.006767
Gate time 533.333333 ns

Table C1. Calibration metrics for the Eagle R3 processor (IBM Sherbrooke, containing 127 qubits) recorded on 4 June 2025 at
01:48:22 EST. These values correspond to the device’s pre-execution calibration snapshot, including coherence times (77, 7>),
qubit frequency, anharmonicity, readout assignment errors, gate error rates, and gate durations'?’. Please note that the quantum
hardware is usually calibrated every 24 hours.
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D Quantum Computing Hardware Calibration Data - IBM Boston

Parameter Value
T1 272.208074 s
T2 326.176439 us
Readout assignment error 0.003418
PO 1) 0.005615
P(1|0) 0.001465
Readout length 2180.0 ns
Identity gate error 0.000157
Identity gate time 32.0 ns
R, gate error 0.0
VX (Sy) gate error 0.000157
VX (S,) gate time 32.0ns
Pauli-X gate error 0.000157
Pauli-X gate time 32.0 ns
CZ gate error 0.001180
CZ gate time 68.0 ns

Table D1. Calibration metrics for the Heron R3 processor (ibm_boston)'% recorded on 13 June 2026 at 13:18:06 IST.
These values correspond to the device’s pre-execution calibration snapshot, including coherence times (77, 7»), readout
assignment errors, gate error rates, and gate durations. Median values are reported across all qubits and gate instances on the
device. Please note that the quantum hardware is usually calibrated every 24 hours.
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E Fragment orbital space decomposition for DMET-SQD simulations.

Molecule  Fragment (0, €) Noww |Ay| |By| |Cory| |Vir,| |Env,
[H] (2,2) 1 1 10 4 15
[C] (10, 10) 5 5 6 0 11
HCENO [N] (10, 10) 16 5 5 6 0 11
[0] (10, 10) 5 5 6 0 11
[C] (10, 10) 5 5 7 1 13
[H] (2,2) 1 1 11 5 17
[H] 2,2) 1 1 11 5 17
CH3NO [H] (2,2) 18 1 1 11 5 17
[N] (10, 10) 5 5 7 1 13
[0] (10, 10) 5 5 7 1 13
[C] (10, 10) 5 5 3 2 15
[H] 2,2) 1 1 12 6 19
[H] (2,2) 1 1 12 6 19
[H] 2,2 1 1 12 6 19
CHsNO [H] Ez, 2% 20 1 1 12 6 19
[H] (2,2) 1 1 12 6 19
[0] (10, 10) 5 5 8 2 15
[N] (10, 10) 5 5 8 2 15
[C] (10, 10) 5 5 10 3 18
[C] (10, 10) 5 5 10 3 18
[H] 2,2) 1 1 14 7 22
C,H;NO  [H] (2,2) 23 1 1 14 7 22
[H] 2,2) 1 1 14 7 22
[N] (10, 10) 5 5 10 3 18
[0] (10, 10) 5 5 10 3 18
[C] (10, 10) 5 5 11 4 20
[C] (10, 10) 5 5 11 4 20
[H] 2,2) 1 1 15 8 24
[H] (2,2) 1 1 15 8 24
C,HsNO  [H] (2,2) 25 1 1 15 8 24
[H] (2,2) 1 1 15 8 24
[H] (2,2) 1 1 15 8 24
[N] (10, 10) 5 5 11 4 20
[0] (10, 10) 5 5 11 4 20
[C] (10, 10) 5 5 11 3 19
[N] (10, 10) 5 5 11 3 19
[H] (2,2) 1 1 15 7 23
[H] 2,2 1 1 15 7 23
CHaN20 [H] (2, 2% 24 1 1 15 7 23
[H] (2,2) 1 1 15 7 23
[N] (10, 10) 5 5 11 3 19
[0] (10, 10) 5 5 11 3 19
N] (8, 10) 5 3 11 0 14
NOClI [0] (8,10) 19 5 3 11 0 14
[C1] (12, 18) 9 3 7 0 10
H] 2,2) 1 1 18 5 24
[0] (10, 10) 5 5 14 1 20
HOSCN  [S] (15,18) 25 9 6 10 0 16
[C] (10, 10) 5 5 14 1 20
[N] (10, 10) 5 5 14 1 20

Table E1. For each fragment: impurity active space (o, e) (spatial orbitals and electrons); |A, |, fragment orbitals; |By|, bath

orbitals (|By| < |A,|); |Cor,|, fully occupied environment orbitals; | Viry|, empty environment orbitals;
|Envy| = |By| + |Cory| + | Vir,|, total environment orbitals at €. = 10713,
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F Classical Resources for HOSCN molecule for varying ¢,
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Figure F1. Classical S-CoRe resources for HOSCN/STO-3G as a function of €y : Sub-space dimension [Sp| (a), and
sampling ratio [Sproi|/|Srun| (b) for each DMET fragment of HOSCN across different €., executed on IBM Heron R3 Boston.
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